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Generalized de Broglie-Bargmann-Wigner (BBW) equations are relativistically invariant quantum
mechanical many body equations with nontrivial interaction, selfregularization and probability inter-
pretation. Owing to these properties these equations are a suitable means for describing relativistic
bound states of fermions. In accordance with de Broglie’s fusion theory and modern assumptions
about the partonic substructure of elementary fermions, i.e., leptons and quarks, the three-body gen-
eralized BBW-equations are investigated. The transformation properties and quantum numbers of
the three-parton equations under the relevant group actions are elaborated in detail. Section 3 deals
with the action of the isospin group SU(2), a U(1) global gauge group for the fermion number,
the hypercharge and charge generators. The resulting quantum numbers of the composite partonic
systems can be adapted to those of the phenomenological particles to be described. The space-time
transformations and in particular rotations generated by angular momentum operators are considered
in Section 4. Based on the compatibility of the BBW-equations and the group theoretical constraints,
in Sect. 5 integral equations are formulated in a representation with diagonal energy and total angular
momentum variables. The paper provides new insight into the solution space and quantum labels of
resulting integral equations for three parton states and prepares the ground for representing leptons

and quarks as composite systems.
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1. Introduction

Generalized de Broglie-Bargmann-Wigner (BBW)
equations are relativistically invariant quantum me-
chanical many body equations with nontrivial interac-
tion, selfregularization and probability interpretation.
Owing to these properties these equations are a suitable
means for treating relativistic bound states of fermions.

The most simple problem in this formalism are
the two body equations. This problem can be exactly
solved and was treated in a preceding paper for the
case of vector bosons, leading to the interpretation of
the corresponding wave functions as a theoretical de-
scription of photons with partonic substructure, [1].

For the carrying out and the physical interpretation
of such calculations an analysis of the symmetry prop-
erties, i.e., of the group structure of the solutions is es-
sential. In particular a group theoretical analysis is im-
perative if one cannot exactly solve the corresponding
equations. This is already the case in the three body
(parton) problem which leads to integral equations of

the Fredholm type. The latter equations are soluble in
principle but hardly in practice. So for getting an infor-
mation about the structure of the eigenvalue spectrum,
the group theoretical analysis is the only means which
allows to derive exact results concerning this spectrum.
In the following we will discuss this problem.

In the original theory of de Broglie [2], and
Bargmann and Wigner [3], the three body problem was
extensively treated by Rarita and Schwinger [4] who
concentrated on spin 3/2 solutions owing to a symme-
try postulate on the spin part of the wave functions.
Such a symmetry postulate on the spin part narrows
down the manifold of solutions and is neither neces-
sary in the original de Broglie’s version nor for the
generalized BBW-equations.

The group theoretical analysis of the generalized
BBW-equations given here is based on the field the-
oretic properties of the three parton solutions and is
intended to explore the parton structure of elementary
fermions, i.e., of leptons and quarks. With respect to
the latter species there are experimental signals that
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quarks are not elementary [5]. Then the most simple,
nontrivial assumption consists in considering leptons
and quarks as bound states of three partons. Such a hy-
pothesis was inaugurated by Harari [6], and Shupe [7].
But apart from the assumption of the substructure to be
given by three partons, our model has nothing in com-
mon with the Harari-Shupe model.

The fieldtheoretic background of our model was ex-
tensively discussed in [8, 9], so we refer for further
information about the generalized BBW-equations and
the corresponding model to these references.

In this paper we take these equations which result
from this field theory for granted and give only a gen-
eral discussion of their group theoretical properties.
The physical interpretation of the corresponding solu-
tions was already given in a preliminary way in preced-
ing papers [9—12]. But it is the intention to improve
these statements by a more stringent group theoreti-
cal analysis in forthcoming papers, based on the results
obtained in this paper.

2. Relativistic Three-parton Equations

By means of the fieldtheoretic formalism wave
equations for three-parton states can be derived [8, 9].
Here this extensive and comprehensive formalism into
which these equations are incorporated cannot be de-
scribed. Rather we concentrate on these equations
themselves and their interpretation. For provisional
guidance we assume that such equations and their
states allow an appropriate description of leptons and
quarks with partonic substructure. In this case the
guantum numbers of those states must fit into the
scheme of quantum numbers of the Standard model
which is the topic of forthcoming papers, while in this
paper the general group theoretical constraints will be
discussed.

It is a pecularity of the field theoretic formalism that
from the beginning this formalism is not specialized to
any definite parton number n. And although we will
exclusively deal with the parton number n = 3 in
the following, the general field theoretic formulation
is needed in order to be aware of the antisymmetry
properties of the wave functions. Hence we start with
the field theoretic version of the theory for hard core
states which can be expressed by a single (covariant)
functional equation. At this basic level of the theory
it is convenient to use only symbolic general coordi-
nate variables I which stand for the four dimensional
space-time coordinate = and the algebraic indices Z.

Then in this symbolic notation this hard core functional
equation reads (using the summation convention), see
[8, 9]:

K1101|F) = Un 1y151, [Fro1j101,91, + F1,1§191,01,

+ Fr,1j05,9L]1F). (1)

Definitions of the various quantities which are con-
tained in this symbolic equation will be given below.
At first we explain the states |F). These states are de-
fined by

\F() =en(ly ... In)jn, ---j1,10), (2

where ,, is a formally normal ordered matrix element
of the parton dynamics for hard core states, while the
set of basis vectors {jr, ...7jr,|0)} is defined to be a
fermionic Fock space with creation operators j; and
their duals d -, which have not to be confused with or-
dinary particle creation and annihilation operators of
quantum field theory as the former are elements of the
generating functional space.

With regard to the application of equation (1) to the
case n = 3, we choose in (2) the corresponding states
and project (1) from the left hand side with (0[d n, I, .
This yields

Z KN, NAN, NaNP N No N 3)
N

= E UN31213]4 [ - 3F12N2AN1[3[499N1[314
I2I514

+ 3F12N1AN213[499N21314] :

where the symbols .4 mean antisymmetrization in the
corresponding indices. In all following calculations we
omit the A symbols for brevity, but keep in mind that
they are always present in the course of calculations.
In order to perform such calculations one needs a more
detailed representation of equations (3). For details of
the evaluation of equations (3) in configuration space
we refer to [8] and [9] as this evaluation is of no rel-
evance with respect to the subsequent discussion. In
particular we define the following quantities:

r € R3, x € M* and Z = (i, k, &) Where k means
superspin-isospin index, o = Dirac spinor index, ¢ =
auxiliary field index. The latter index characterizes the
subfermion fields which are needed for the regulatiza-
tion procedure.
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Let vz, 2,2, (z1, z2, x3) be the covariant, antisym-
metric state amplitude for the case n = 3. Then from
(3) the following equation can be derived for this state:

[D%;nga#(x3) - stX:3]<IOZlZzX3 (1‘1,1‘2,333) =

3UZ3X2X3X4 [_ FX2Z2 (1‘3 - xQ)SOZlX;gX4 (1‘1, L3, 1‘3)

+ FX2Z1 (1‘3 - 1‘1)9922)(3)(4 (332, Xg,l‘g)]. (4)

Furthermore owing to the antisymmetrization in (3)
one obtains two additional equations if the Dirac op-
erator on the left hand side of (4) is applied to the co-
ordinates z; and x,. For brevity these two equations
are not explicitly given, because apart from one ex-
ception, namely the derivation of the energy represen-
tation, these two equations are not needed if in every
calculational step antisymmetrization is secured.

With respect to equation (4) the following defini-
tions hold:

D%1Z2 = i'yglaz(;fﬂlﬁz(;iliz (5)
and

Mz,z, ‘= mil(salaz(smh’z(siliz (6)
and
F2122 (le - xg) = _i>‘i16i1i2’yglng (7)

: [(Z")/‘ua#(l‘l) + mil)C]OLlOtQA(‘rl — X2, mil)a

where A(xz; — z2,m;,) is the scalar Feynman prop-
agator. The meaning of the index « can be explained
by decomposing it into two parts k := (A, A) with
A = 1,2 superspin index of spinors and charge conju-
gated spinors and A = 1, 2 isospin index which can be
equivalently expressed by x = 1,2, 3, 4.

The vertex term in equation (4) is fixed by the fol-
lowing definitions:

U2122Z3Z4 = )‘ilBizi:SMV;ll;;g;gi? (8)
where B,,;.;, indicates the summation over the aux-
iliary field indices and where the vertex is given by a
scalar and a pseudoscalar coupling of the subfermion
fields

‘/N152NSH4 .—

[eSReTe% YoV

NS

{ [5a1a2 Cozas — ’Yilag (750)043044]
©)

“ Orirs [’75(1 - 70)] K3ka }as[2,3,4}'

For vanishing coupling constant ¢ = 0 de Broglie’s
original fusion equations for local three fermion states
are obtained, and for a solution of the whole set of
equations only equation (4) has to be used, as for anti-
symmetric wave functions the remaining equations can
be derived from (4) by interchange of indices. In this
context it should be emphasized that the antisymme-
try of wave functions is not an additional postulate.
Rather it is an outcome of the general functional for-
malism which is used to derive such equations, see
equation (3).

Concerning the physical interpretation of the wave
functions it is closely related to the role of the auxil-
iary fields (indices) which appear in the corresponding
equations and their solutions.

The task of the auxiliary fields is twofold: on the
one hand they are used for regularization, on the other
hand owing to their properties probability conservation
can be deduced. As this topic was extensively treated
for the two-parton case in [1] and the discussion of the
three-parton case runs along the same lines we sup-
press the explicit deduction of these properties which
are a special case of the general theory, see [13].

First we refer to the role of auxiliary fields in reg-
ularization, leading to the definition of the physical
wave functions. We consider the wave functions of
equation (4) with the full dependence on the auxil-
iary fields as unobservable, i.e., unphysical. In order to
obtain the physical, singularity free wave functions in
the case of three-parton states we decompose the index
Z := (a, Kk,i) into Z := (z,1) and sum over iy, is, i3.
This gives

Pez2s (T1, T2, T3) 1= Z $2,2,75(T1, T2, x3). (10)

118213

These functions are by definition the physical states.
One immediately realizes that the physical wave func-
tion ¢ has the same transformation properties as the
original wave function ¢.

In order to derive a probability interpretation for the
physical parton wave functions the single time formu-
lation of (10) has to be used, see [8, 9] and in addition
the single time energy equation has to be derived from
(4), see [1]. Then with the single time density

@TQ:: Z 95212223(7'17702’7'3775)*

212223

. (1)
: sz12223 (T17 'I"Q, r37 t)
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for a general time dependent solution of the energy
equation one obtains from this equation with m,; =
m + dmy, in the limit dm,; — 0 current conservation:

%(@'e) + 3 dlgTak ()g] = 0. (12)
l

This limit can be performed in the regularized wave
functions without any difficulty after all calculations
were done. Owing to current conservation the densities
(11) are conserved positive quantities, i.e., the physi-
cal state amplitudes ¢ are elements of a corresponding
Hilbert space with the norm expression (in the case un-
der consideration!)

<¢‘¢> :/d37"1d37"2d37"3¢212223(7‘1,’I"2,’)"37t)*
(13)
: 95212223(701’7'27703’75)7

and they describe the states of the system with interac-
tion. Hence one is able to extract all quantum mechan-
ically meaningful information about this system from
its given state space.

Finally it should be noted that in the latter limit the
coupling constants A;g in the vertex (8), (9) of the
three-parton equation diverge. But the essential point
is that the regularized solutions of these equations re-
main finite in the whole range (0, c0) of A;g. Hence
as the auxiliary fields are unobservable and the whole
physics depends on the regularized solutions this be-
havior of the coupling constants has no obsevable con-
sequences.

3. Algebraic Quantum Numbers

The transformation properties of the three parton
wave functions are correlated to and determined by the
transformation properties of the spinor field theory be-
ing the theoretical background for the derivation of the
generalized BBW-equations.

The latter theory is formulated in terms of spinor
fields 1, .4;(z) and formally charge conjugated spinor
fields ¢ 4,(x). For the definition of the indices see
Section 2. In particular A is the index of a SU(2)
spinor basis. In this section we treat the algebraic quan-
tum numbers representing the transformation proper-
ties of the three parton wave functions under these
SU(2) transformations and an additional U (1) trans-
formation.

The corresponding transformation matrices are
given by, see [14]

.3
_ ¢ k
U= exp[—§ ZEkU ] (14)
k=1
and lead to the transformed spinors
Vo ai() = Unabaari(x). (15)

By definition the charge conjugated spinors are given
by ¢ = CyT = Crptp*. Then 1) transforms under
SU (2) transformations according to

ngi(x)/ = Upaoni(x) (16)
with
i 3
U* = expl—; > en(=1)Fa"]. (17)

k=1

We now combine spinors and charge conjugated
spinors into a superspinor field by introducing the
index k, see Section 2. Then this superspinor field
Yari(z) transforms under SU(2) transformations in
the following way:

’l/ngi(x) = Uh'li/ql)an/i(x) (18)
with

3
U = exp[—i Z ex G,
k=1

(19)

where the superspin-isospin generators are given by

1/[ o 0
k e
C7YZ1Z2 - 2 ( 0 (_)k’o.k )KlKQ 50&10¢2~
(20)

In addition the superspinors admita U (1) global gauge
group with

U = exp[—icF]

1/1 0
§<0 —1), Oazaz:
Ki1Kk2

Concerning the transformation properties of the
three parton wave functions we consider for simplic-
ity the physical wave functions ¢ in order to avoid the

(21)
and

Flez = (22)



H. Stumpf - Quantum Numbers of Eigenstates of Generalized de B-B-W Equations

explicit dependence of the index set on the auxiliary
field index . The corresponding transformation prop-
erties are not changed by the transition from ¢ to ¢.

The transformation properties of the wave functions
@ or @, respectively, must be compatible with the trans-
formation properties of the spinor field theory in the
background. For the global gauge groups this is the
case if ¢ is transformed by

Do ae, (X1, w2, 23) =

P cvmars ( ) 23)

’ ’ !
RN
Unln"l Ulizlié Un’gng@alazag ({171, X2, {,C3),

and of course this transformation property must be
compatible with the generalized BBW-equations too.

But before demonstrating this compatibility we dis-
cuss the relation to the phenomenological quantum
numbers. With the above choice of the symmetry group
generators the elementary subfermions (partons) are
associated to the isospin quantum number ¢ = 1/2 and
the fermion number f = 1/3 . The fermion number of
the subfermions (partons) can be arbitrarely chosen be-
cause the subfermions are unobservable. Once the sub-
fermion quantum number is fixed (the isospin is treated
in the conventional manner) there is no freedom for
further manipulations. That means, charge and hyper-
charge for the subfermion bound states, i.e., for leptons
and quarks are to be derived and have to coincide with
the corresponding phenomenological values.

In order to reproduce the phenomenological charge
we define a charge generator by

Q=G+Y (24)

SOZ1ZQZ3($1’$2’$3) = /d4xGZ3X1 (1‘3 - J))UX1X2X3X4

5
with the hypercharge generator
1

The corresponding quantum numbers are ¢ = t3 + ¥y
and y = f/2 and the charge generator is explicitly
given by

Qlez =3 50(10(2' (26)

w
coow
o |
—_
=)
N
- o oo

K1k2

If for brevity we introduce the general index I = Z, x,
see Sect. 2, the isospin quantum numbers for the three-
parton state are defined by the following conditions

9
Z<p111213 + 2[G’[€1K1G]]€2K280K1K213

k k k k
+Gk, G, PR LK, + Gk, G13K2S011K1K2]

= t(t + 1)30111213 (27)

G} koK + G, con kI, 28)

+GY pnLx = t3prn 1,1,
and the corresponding equations for the generators F,
Y,and Q.

Concerning the compatibility of these transforma-
tions with the generalized BBW-equations, it is conve-
nient to treat this problem by replacing equation (4) by
the corresponding homogenous integral equation for
bound states which reads:

(29)

. 3[ - FXzzz (JZ - 1‘2)9921)(3)(4 (331,33,.13) + FX2Z1 (1‘ - xl)@ZngX4 (1‘2,1‘,1‘)].

Furthermore to simplify matters we sum in this equation over i 1, is, i3, as the summation over auxiliary fields
does not change the transformation properties of the wave function. Then one obtains with notation at full length
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. g
@311222233 (5171, X2, 1'3) = 5 / d4xZiAiGa3a’l (x?) — X, mi)éﬁgﬁll

S ol 0o [0 ) P (1= 1) — (0" C) g (1 = 40)] ]
= U 0 [(V" O [YP (1 = 7)o — (0" C) gV (1 = 7°)] ]
- Ua' ﬁ”‘sﬁ’lp” [(vh0)5/5[75(1 - ”VO)L)’p - (Uhc)ﬁﬂ’ [75(1 - 70)}99’] }
[ Z Ai( VPRQFﬂaz( — T2, mj)@ii%lf;:, (z1,2,)
+ Z Aj( ’ymegal (x — 1, mj)gb';zgfg;, (x2,z,x)|, (30)
where ), = Z , etc., and the result of the following discussion can be summarized by

Proposition 1: The three parton generalized BBW-equations (30) are invariant under the global gauge group
transformations (19), (21), i.e., with ¢ also U ® U @ U for any group element U are solutions of (30).

Proof: Equation (30) can be rewritten in the following form:
Qornzes (w1, 0, 13) = /d4aczi)\iGa3n(x3 —x,m;)
.Zhg{v%(th)ﬁlﬂﬂﬁsmvﬁm Z i (—=1)Fpya, (- xg,m])wall%ll%zz (z1,7,2)]
—|—vnﬁ(v C)glgz’yﬁml’ypm Z Nj(—1)Ep, o, (z— xl,mj)wa;%i%zz(xg,x z)]
77/81 (v"C)pp,3 Z ANj (=) Fpay (T — 22, my) P2 5005 (21, , )]
Uy (0" )33, 3D A3 (=) Fa (& =, my) O3 5, (v2, 4, )]
nﬁz (" C) )a.53[ Z Aj (=) Fay (T — 2, mj) @0 55 (21, 2, )]
nﬁz (" C) )3183 Z Aj(—i)Fga, (2 xl,m7)<pxgi'53(x2,x x)]} (31)

Applying U ® U ® U to this equation it is obvious that in the last four terms of (31) this group operators directly
act on ¢ on the right hand side of this equation. Hence we only have to study the application of U @ U @ U to
the first two terms on the right hand side of (31). As these terms have a similar structure it is sufficient to treat
the first term only. Furthermore we can confine ourselves to discuss the action of infinitesimal transformations
given by

Ulej) :== 1 —ie;GY, (32)

and in the following formulas for brevity we suppress all indices and coordinates of the wave functions which
are spectator indices, i.e., which are not involved in these transformations. Then one obtains

Ule;) @ Ules) @ Ules)p = prrrers —ie; [GY

K1K]
. AR1K2K3 J NN
= —1€;G , plihefs
Iillizﬁg,ﬁllizﬁ

’
KlK,QK,g _|_G] Kanrcg _|_GJ 5152/-@3]

Kokh K3Kf

(33)

and we have to consider only that part of the first term which is directly involved in this transformation. This
term reads

~R1p1pP2

7K3K27P1P2¢a15152 (xl’x ‘r) - 7*63527[’1;?2 @lepg (34)

Application of G7 to this term gives
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J AK1P1P2
gnlngng,nlnzné’yngnzlyplpz<*0

J ~K1p1p2

I 5
= g {lyﬁ:smlyplsznm’l

J AR1p1P2
+ annzfyﬁ?,lﬂz’yplﬂzsp
+ G? ’7 , ’YO @fﬂplpz}
n3n3 Kgk2 'p1p2 :

Now by direct calculation one obtains

(35)

G’ +G

KoKh ’thhz K,-gK,/ 7/13/12 =0. (36)

Hence (35) is equal to

J "101/)2
ghlﬁzﬁg,hlﬁzhé’yﬁ?)hzlyplpzSO

Gnlm’ @51P1P2. (37)

On the other hand we consider the term

i A0 5
- ZEJ’YN?,HzWPle

j Ahlplpz
’YK;gRQVPlPQgNlPIP% 1p1p12<p

— "1P1P2
- ZEJ{VKSRQ’YPleGmn’ P

J Kl p1p2
+ ’Yrc:wz 7p1 p2 GPIP

(38)

5 5 J ~
+ 7/@3#627[’1%’2 Gpgp Klplpz }
The last two terms can be rearranged to give

5 5 J ~K1p P2 J AK1p1ps
Vizra [lypzpl Gm Pl ¥ + ’YPI P2 Gpgp ]

= Ve (VG )y + (F°G7) ] = 0. (39)
Hence

J 5 5 aK1p1p2
gnlngng,nlnzn’ ’yném;'yplp2<p

— J Hlplpz
lyfi:snglyplpg gnlplpz, KL P} ph ¥ (40)

Therefore G7 commutes with the first term on the right
hand side of (31). In a similar way the second term can
be treated. &

In order to discuss the symmetry properties of the
solutions of equation (31), the most simple ansatz is
given by

~R1K2K3

1 o
@alaza3($1’$271‘3) @,‘.1”2%399&1&2&13(%‘1,l‘2,l‘3)

(41)

and the requirement of @' being symmetric in all in-
dices under permutations. This ansatz only then leads
to a simplified calculation if ©! can be eliminated from
(31) and such a separation is only possible if ©* has no
~+® contribution. Hence on ©' the additional condition
o! =0 (42)

7/@1;@2 K1RK2K3

must be imposed. Owing to this condition only sixteen
of the twenty symmetric states ©' are admitted. These
states are explicitly tabulated in [11] and a table with
the physical interpretation of the quantum numbers is
contained in [9]. But from this table it follows that the
ansatz (41) is too simple to obtain a complete agree-
ment with phenomenology. Such an agreement can be
only achieved without the separation (41) and if (42) is
replaced by the weaker condition

’7/11&2(}9211222233 ($1,$2,1‘3) = 0. (43)

The effect of this modification was discussed and
tabulated in [12] by solving the corresponding energy
equation in the strong coupling limit. It is our intention
to treat this problem in the scope of BBW-equations in
forthcoming papers based on the general group theo-
retical analysis given in this paper.

4. Angular Momentum Quantum Numbers

We directly discuss this problem by means of the co-
variant equation (29), because this equation is the basis
for the whole formalism. For simplicity we postulate
conditions (41) and (42) and as a consequence ' can
be eliminated from (29). As in the discussion of an-
gular momentum the gauge group indices « are only
spectator indices this ansatz implies no loss of gener-
ality. After some rearrangements this leads to the fol-
lowing covariant equation

@oaozzozg (xl ,51,‘2,{1,‘3) = 6g/d4xz)\iGo‘3o‘/1 (;L'g—w, ml)
%
ST ot e
Z Uo/lﬂlsﬁalﬁ/ﬁ”(xlwmvx)(v )ﬁ”ﬁ
h
2
~ h
Uallﬁ/goa%@’ﬂ” (x27 x, x) (U C)/B”/B

ZA

Fﬁaz x27mj)

i) P (@ = 21,m5)] (44)
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The behavior of the solutions of equation (44) un-
der space-time transformations can be characterized by
means of the Pauli-Lubanski spin vector W ,. Owing
to the relativistic invariance of (44) its solutions can
be classified by the values of W, W# and P,P* as
representations of the Poincare group. It is this prop-
erty which constitutes the link to the quantum num-
bers of the energy equation. Owing to their transfor-
mation properties these solutions can be treated in the
rest frame without loss of generality. In this case the
Pauli-Lubanski spin vector reads

1
0
—EwpoMVFPY,

“ 7 2pg (49)

and in this expression the representation of the gener-
ators P* and M** depends on the dimension of the
coordinate space. In the rest system W, vanishes and
one obtains from (45)

Wi =y eipM’* = —J°, (46)
where the J* are the angular momentum operators of
the little group. Thus in the rest frame the quantum
numbers of the solutions of equation (44) should be
given by the eigenvalues of the Casimir operators of
the little group J2 and .J3. In the following it will
be demonstrated that equation (44) indeed is compati-
ble with these group theoretic constraints, i.e., that the
solutions can be classified as representations of this

group.

@alaza?, (LU17 €2, :L'S)as =
hihahs

A=8us0r + V gV Y Py (s 2, 2) 3 N
J

with f; := (p* —m?)~"and f; := (¢* —m3)~".

Proposition 2: In the rest system of an eigenstate of
equations (44) the eigenvalues of J2 and .J2 are good
quantum numbers and their values are determined by
those of the reduced solution ¢(x 1, z, x).

Proof: The proof of this assertion depends crucially
upon the transformation properties of the wavefunc-
tions. In the spinor-charge conjugated spinor repre-
sentation the wave functions transform as the direct
product of Dirac spinors. This was shown in [15] and
without further explanation we refer to [15]. There-
fore in accordance with this transformation property
in the three-fermion space the generators .J ¢ are to be
defined by

Ji = Li + Sl = Z ieijk[xﬁ‘ag - x%&?]
a=1,2,3
2 [Eéqa 5042&;5&304{; + 5a1a’1 22420/2 50&3&{3
+ (sala’l 5a2af2 224304:’3] (47)

with 95 := d/dz*. For brevity we discuss only the
J3 constraint because already by means of this condi-
tion the representations can be classified. In deducing
this formula the strict distinction between co- and con-
travariant indices is imperative for the proof.

As in any solution procedure of equation (44) the
antisymmetry of the wave function has to be secured,
we antisymmetrize equation (44) explicitly and in ad-
dition substitute the corresponding vertex matrices in
the resulting equation. This yields:

4
> (—1)P29/d4x;&/(;17];4fi(v“pu+mi)ahluexp[—ip(xh1 —x)] (48)

(0) / gT;ij—v@qg 1) oo €xPlig(@ — Ty

To prepare the calculation of the J3 constraint we apply finite spinor transformations S(A) to equation (48)
but keep by definition the space-time coordinates of the wave functions unchanged. This gives

SQlal5920[259303@010203(5317x27x3)as = Z ( PQg/d4xZ)\ /

hihahs

- exp[—ip(zn, — 1‘)]{—50/[3/59,12 Qpy @ahz

ZA/

BB (xhz » Ly 1‘)55//5 + 7;)/1[3’59}12 Qhy @ahz

) FiSonsang (—7%q, + mj)ahBﬁ exp[—iq(x

Sthahl (ly pp, +mz)ahla1

BB (xhz y Ly x)’yg“ﬁ}

— Thy )} (49)



H. Stumpf - Quantum Numbers of Eigenstates of Generalized de B-B-W Equations 9

Now we insert S—15 in all intermediate spin summations and make use of the transformation properties of the
Dirac algebra. This induces coordinate transformations in (49) and transforms (49) into

SQlal592042593(!3@(!10203(5517x27x3) = Z ( P2g/d4:1,‘2)\ / ('7 pu+ml)gh1

hihahsg

: exp[—ipl,/ly (xhl - xﬂ)]{ 51/%05’/ WSthahg S@ﬁ’SWﬁ”@ahgﬁ’ﬁ” (xh27x7 LL‘) + ’Yllcp’YE/Lp’Sthahg
N . d4q/ K y K
S SprprPanyprpr (Tny T, )} Y Aj(i) / Wf.i(—v Gy, +m;j) gy, exp[—ig Af(z¢ — a7 )].  (50)
J

For infinitesimal rotations about the e3-axis the transformation matrices read

5= i) oy
with, see [1, 16]

Aé‘ = 5;‘ - €(M3)§’ (A_l)é' = 5;‘ + €(M3)§ (52)
and, see [17]

S(A)=1- %236, S~HA) =1+ %236. (53)

If these infinitesimal transformations are substituted in equation (50) a power series expansion in e gives in the
lowest order € the original equation (48) which by definition is satisfied, while the first order term in € ! yields
the following expression:

( )331929370410(20(385041042043(x17xz?‘r?’) = Z ( P2g/d4xz)\ / ('7 py +ml)gh1

hihahs
: exp[ Zpl/(xhl -z )]{[ 5WP6V ‘Pl+71/ga’>/u @’ ][( Z)Sghzgaga ,Othgy B ﬁ”+59h20£h25@[3/5 //B”pl( )(M3) (xhl _1,])
+§Qh2ah2 (i;ﬁ/ /5//(][( ) ) (xj — xhs)}<pah2ﬁ/5//(xh2,x,x)}

ZA / i 151 (=" as, +my) g, v expl—igy (z” — 7). (54)

If afterwards L? is applied to equation (48), the subsequent addition of i x (54) and this L 3-term gives with
(47) the final formula:

‘]319293 alagagwalazas(xhx%lﬁ) P2g/d4 / 4 Zfl 7 pV—"mi)thuexp[ Zpl/(xhl )}
h1h2h3

: {[_61@5”’@’ +’75<p75’<p’] [Sghz P’ an, B 6" +6Qh2 Qhy 6@5'6#9’5”[%2 +6Qh2 ap, 5‘9[3/5@/[3”11%}@04}@ BB (th y Ly 'r)}
PR ) [ e+ o el = ) (55)

where the primes of p and ¢ were omitted and by the admixture of the L 3-terms the unwanted terms in (54)
cancel out.
Let us now assume that

[Sghcpcp/,ozhﬁ/ﬂ” + 5Qhah5¢5’5$&/5” (L:}LL + Lnlc)kbahﬁ’ﬁ” (xhv z, :L‘) = jSSthSDW(xm x, LL‘) (56)
holds. Then by substitution of (56) into (55) and comparison with (48) one obtains

3 -3 A
nggzgg,alazaggpoﬂOZZaii ($1,$2,1‘3)a5 =J Poiozes (1‘1,1‘2,1‘3)a5. (57)
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Hence by (57) it follows that the .J3 constraint is
satisfied and that the corresponding eigenvalue results
from equation (56). $

We assume that an analogous result holds for the
J2 condition without doing the rather complicated cal-
culations explicitly. Then the existence of these con-
straints in addition to the energy eigenvalue equation
means: The state space can be decomposed into a set
of irreducible representation spaces of the little group.
In analogy to the two-parton case we assume that only
the lowest dimensional representations lead to stable
bound states, i.e., we concentrate on the discussion
of these representations. The most simple lowest di-
mensional representation is a spin 1/2 representation
with orbital angular momentum zero. This representa-
tion describes a composite spin 1/2 fermion which in
combination with the superspin-isospin quantum num-
bers we identify with the members of the lepton gen-
erations. The next higher dimensional representation
contains an orbital angular momentum 1 and a spin
angular momentum 1/2. The former leads to a triplett
which is energetically degenerate. This triplett forms
a representation of the little group rotations, i.e., an
O(3) representation and, in combination with the other
quantum numbers, should be identified with the quark
generations, see [8—10].

5. Eigenstates of Energy and Angular Momentum

Owing to the translational invariance of the three-
parton equation their solutions admit a representation
where the total four momentum is diagonalized. This
leads to the ansatz

. 1
Payasas(T1,T2,23) = exp | — ik(x1 + x2 + l‘3)§]

')20410(20(3 (x2 — T1,T3 — x2)' (58)

In the rest system k& = (ko,0,0,0) the total angu-
lar momentum commutes with the translational part of
(58), i.e.

[exp[—ik(wl + o + $3)]/k:k07 J3}, =0 (59)
and therefore in this system the energy eigenvalue and
the angular momentum eigenvalue can be simultane-
ously calculated.

First we discuss the energy eigenvalue equation. We
define:

4fz(7 Pu + ml)a

=N [

- exp|—ip "] (60)
and
d4
Z’\ / 4fj( Ve +mj)ap
- exp[—igyx¥] (61)
and
Vapys = [—0ap0vs + Yagas)- (62)

Using these definitions equation (48) can be rewritten
in the following form:

Ponasas (T1, T2, 23) = 29{/d4xF1 (1 = ¥)ar Vipu ' Panppr (T2, T, ) Fo (T — T3) o

— /d%ﬁl (zo — x)aquy;}y/ﬁ@alﬂﬁ'(xl,$,$)F2(x — T3)agv’

+ /d“xﬁl (22 = 2) s Vo 5 Pes e (23, T, ) Fo (2 — 1)y

— /d“xﬁl (23 = 2) g Vo 5 Parnppr (T2, T, 2) Fo (2 — 1)y

+ /d“xﬁl (23 = 2) g Vi 5 P (T2, T, 2) Fo (T — 22) g

- /d4xﬁ‘1 (xl - x)aluVVﬂV’ﬁ’Qbagﬂﬁ’(x& x, LL‘)FQ (II? - x2)a2u’ }7

(63)

where the permutations over h1, ho, h3 in (48) are written in full.
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Substitution of (58) into (63) and transformation by

11

1
z = §(x1 +axa+x3); u=(x2—x1); v=(r3—22) (64)
then leads with o = x5 or v = 0 after elimination of the translational part to the following equation
)A(Oqozzoz?, (u70) = 2g/d4xvuﬁu’5’
{Fu(z — 2u— 2)asu explik(zu+ 22) 5 Sy (@ — 2 — 311, 0)Fo( )
. Z— =U— T)a, v exp|—ik(=zu + 22) =] Xa.88 (T — 2 — =1, T—2— =UWeaay!
1 3 1 p 3 3 Xaz28p 3 2 3 3
" 1 ) 2 1. 2 . 1
— Fi(z4 su — &)ayw exp[—ik(—su + 22) = [Xau s (T — 2+ 54, 0) Fa(x — 2 — SW)agw
3 3 3 3 3
~ 1 1,. 1 A 2
+ Fi(z+ gu — T)ag exp[—zk(gu + 2x)§}xa3g51 (x —z— gu, 0)Fo(x — z + gu)aly/
N 1 1 1,. 1 A 2
— Fi(z 4 su — &)agw exp[—ik(su + 22) = Xaups (. — 2 — 0, 0) Fo(z — 24 sU)ayur
3 3 3 3 3
A 1 ) 2 . 2 A 1
+ Fi(z+ zu — 2)agw exp[—itk(—zu + 22) = Xar 87 (T — 2+ zu, 0) Fa (2 — 2 — 2U) oy
3 3 3 3 3
. 2 1 R 1 A 1
- Fi(z— gu —Z)ay exp[—zk(gu + 2x)§}xa3g51 (x—z— gu, 0)Fo(x — z — gu)azy/ } (65)

With the translation z = 2’ + z — 2u, orz =2’ + z +
equation:

)A(ala2a3 (U, 0) = 29/(141‘/‘/”5”/5/
7 / . N1
. {Fl(—u — 1)y v €xp[—ik(—2u + 2z )g]

1.4
— Fi(u — ")y exp[—ik(—2u + 2x’)§}Fg

~ 1.4
+ F1(—2") oy exp[—ik(u + 2x')§]F2(x' +

. 1.
— Fi (=) 0y exp[—ik(u + 2x’)§]F2(x’ +

. 1.

+ Fi(u — ')z exp[—ik(—2u + 2x’)§}Fg(x'
A 1..

— Fi(—u—2") v exp[—ik(u + 2x’)§}FQ(

Obviously equation (66) is a selfconsistent integral
equation for the reduced function x(u, 0). As in equa-
tion (63) the antisymmetry of the full solution is guar-
anteed by construction, the resulting equations (65) or
(66), respectively, must fulfil those conditions which
are a consequence of the antisymmetry of this full so-
lution for the reduced function x(u, 0).

x/)azu’f(agﬁﬁ’ (x’, 0) }

%u, respectively, one obtains the final form of the energy

FQ (x/)otBV/f(ozzﬂﬁ/ (LU/7 0)

(JS/ - u)asu’Xalﬂﬁ’(x/a O)
u)agu’f(a:sﬁﬂ’ (J)/, O)
U)oy Xaspp! (x’, 0)

- U)QQV’Xalﬂﬁ' (J)/, O)

(66)

Suppose now that x(u,0) is a solution of equa-
tion (66). Then using this solution one can calculate
&(xz,x, ), 1 = 1,2,3 by means of equation (58). In
particular one obtains from (58)

85041042043 (xla Z, 217) =

. 1. (67)
eXp[_Zk(xl + 2x)§]Xa1a2a3 (LU — Xy, 0)



12 H. Stumpf - Quantum Numbers of Eigenstates of Generalized de B-B-W Equations

and substituting these functions into (63) only by inte-
grations the full solutions can be generated.

Equation (66) is a rather complicated integral equa-
tion. Thus one cannot expect to derive exact solutions
although in principle such solutions must exist accord-
ing to the Fredholm theory. On the other hand we know
that the full equation (63) is compatible with the an-
gular momentum constraint (57). Hence any solution
of (63) must fulfil (57). This in its turn is guaranteed
if the angular momentum condition (56) is satisfied.
Hence for a first classification of the energy spectrum
of equation (63) we analyze condition (56) in the rest
system. Substitution of (58) into (56) then gives after
elimination of the center of mass term

Sgww',aﬁﬂ’ +8padppdes (L] + L3)|Xaps (x — 21,0)

= j3>A(pgaga/ ({E—{I,‘h 0) (68)
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